Abstract. In this note we establish the positivity of Green's functions for a class of elliptic differential operators on closed, Riemannian manifolds
Introduction
Let (M, g) be a connected, compact Riemannian manifold without boundary. The aim of this paper is to demonstrate that a maximum-principle-type result holds for a broad class of elliptic operators on M . The main importance of this result being that this class contains operators P that are not second-order elliptic differential operators. The idea is to show that the heat kernels for these operators have to be positive after a long time has transpired, and this in turn implies that the ground state eigenfunction has to be signed.
The idea of looking at the heat kernel originated from the fact that there exists results concerning the sign of the heat kernel for elliptic differential operators of order greater than two. (See [C] , [D] , [TE] .) Intuitively, the arguments proceed as follows: a positive lower bound is established on the diagonal of the heat kernel, and then the Holder continuity of the heat kernel forces the positivity to spread to non-diagonal elements as time passes. The relevance of this type of result to Green's functions G associated with the elliptic operators that generate the semigroups involved with these evolution processes, when they exist, is that the total time integral of the heat kernel K is Green's function G, when this integral exists. It is also clear than under the right set of hypotheses on the elliptic operator, the large time behavior of K is related to the question of whether or not the sign of the ground state eigenfunction can change.
The main result of this paper is as follows:
Theorem 2.1. Let P ∈ σ(M, m) for some m > 0. Then the ground state eigenfunction for P can be assumed to be positive and the Green's function G for the operator P is positive.
Here σ(M, m) is the class of 2mth order positive, elliptic, self-adjoint pseudodifferential operators on M whose heat kernels are eventually positive (a term that is made rigorous in the following section). The Green's function is defined to be Typeset by A M S-T E X the distribution kernel of the L 2 -densely defined operator P −1 . The immediate result of this theorem is that the P −1 is positivity preserving in the sense that the unique solution of P u = f will be positive if f is a smooth, positive function. A Hopf-Lemma type result also follows for semi-linear equations and a comparison principle follows as well. The arguments provided are non-local (by necessity), and follow almost completely from a version of the spectral theorem available for these operators.
"Eventual Positivity" of a Class of Heat Kernels and Its Consequences
Let (M, g) be a smooth, connected, compact Riemannian manifold of dimension n, and without boundary. Let Σ(M, m) be the space of positive, self-adjoint, elliptic pseudo-differential operators of order 2m where m is a positive real number, on M . Let P ∈ Σ(M, m) for some m > 0; it is well known that the set of eigenfunctions {ϕ i }, i = 1, 2, 3, ... form a complete basis for H n (M ) in the topology induced by the norm || · || P naturally induced by P : ||u||
One can assume as well that this basis is orthonormal with respect to the inner
, where n is a positive real number we have the following Lemma 2.1. Let x ∈ M . Then there exists a positive integer j such that ϕ j (x) = 0.
Proof. First note that if r is chosen sufficiently large, convergence in the norm induced by P r on H rm (M ) will imply convergence with respect to the sup-norm. Pick r large enough for this to be the case. Recall that P and P r will share the same eigenfunctions under the hypothesis given above, and rescale the family ϕ i so that they are orthonormal with respect to the norm naturally induced by P r . Now suppose that there exists an x ∈ M such that ϕ i (x) = 0 for all i. We will now see that this contradicts the completeness of eigenbasis in the norm naturally induced by P r . Let f = 1. Then the sequence of partial sums S m (x) = Σ m i=1 < f, ϕ i > ϕ i (x) = 0 for all positive integers m (here, and for the remainder of the proof we use the inner-product naturally induced by P r ). But Σ
Thus the eigenbasis can't be complete in the norm induced by P r , which contradicts our choice of r. This completes the proof of the lemma.
Remark 2.1. Define U i := {x ∈ M |ϕ i (x) = 0}, and note that Lemma 2.1 implies that the family {U i } provides a cover of M by open sets. Due to the compactness of M , we know that there exists a finite subfamily of {U i } that covers M . Let η(P ) be the largest index value of this finite family. The finiteness of η(P ) and the existence of a cover of M by η(P ) members of {U i } will have important consequences later. Since the value of η(P ) is dependent on how we order the eigenfunctions, we will assume a fixed ordering once an elliptic operator P is introduced in an argument.
Next let us to consider the Schrodinger semi-group e −P t . Due to our hypotheses on P , e −P t (f ) defines a flow for all time on any function f ∈ L 2 (M ). Given our setting we have it that (2.1)
where λ i is the eigenvalue associated with ϕ i and < ·, · > denotes the L 2 (M ) inner product (this will be the case for the remainder of the section). The convolution kernel, K : M × M × (0, ∞) associated with e −P t (f ) can be expressed
and hence
Due to Lemma 2.1 and the observation made afterwards we have it that K(x, x, t) is a strictly positive function on M × (0, ∞). Since (2.1) can formally be viewed as a distributional solution of the initial value problem u t + P u = 0, u(x, 0) = f (here, and afterwards, · t denotes differentiation with respect to time), we will write K(x, y, t) = e −P t δ x , where δ x is the usual δ distribution supported at the point x, as is done in [D] . We are now in a position for the following Definition 2.1. The convolution kernel K is said to be "eventually positive" if there exists a real number
Notice that if e λt K is eventually positive then K is as well. Also, let σ(M, m) be the class of positive, self-adjoint, elliptic pseudo-differential operators of order 2m where m is a positive real number, on M whose heat kernels (defined as the convolution kernel for e −P t ) are eventually positive. With the above definition in place, we are now in a position to prove the following Theorem 2.1. Let P ∈ σ(M, m) for some m > 0. Then the ground state eigenfunction for P can be assumed to be positive and the Green's function G for the operator P is positive.
Proof. Let ϕ 1 be the ground state eigenfunction for P (that is, the normalized eigenfunction for P that corresponds to the principal eigenvalue λ 1 ). Since P ∈ σ(M, m) we know that the convolution kernel K for e −P t is eventually positive. But this in turn implies that e λ 1 t K is eventually positive, in the sense that e λ 1 t K is a positive function on M × M × [T, ∞) for some positive real number T . But this implies that ϕ 1 (·)ϕ 1 (·) is a positive function on M × M , and hence ϕ 1 can be assumed to be positive on M .
It remains to show then that G is positive. First note that P + λ ∈ σ(M, m) if P ∈ σ(M, m), where λ is a positive real number. It follows as well from the result just established that we can assume that the ground state eigenfunction of P + λ is positive. Now let η be a positive real number such that λ > η. It follows then that we have the following expansion for the Green's function of (P + λ) − η:
here {φ i } is the complete eigenbasis for P + λ for H m (M ) and µ i is the eigenvalue that corresponds to the eigenfunction ϕ i . It follows that for choices of η close enough to µ 1 that the Green's function for the operator P +λ−η is positive, for the product φ 1 (x)φ 1 (y) is positive. Noting this, choose η so that G δ , the Green's function for P + δ = P + λ − η, is positive. Let K δ be the convolution kernel for e −(P +δ)t and note that if ∞ 0 K δ dt is a convergent integral then G δ (x, y) = ∞ 0 K δ (x, y, t)dt > 0, for x = y. A demonstration that this integral is convergent is as follows: first note that K δ = Σ ∞ 1 e −(λ i +δ)t ϕ i (x)ϕ i (y) (here (λ i , ϕ i ) is an eigenpair for P ). We can then integrate both sides of this equation to get (2.6)
Since Σ ∞ 1 e −λ i t ϕ ( x)ϕ(y) is convergent for all t > 0, is bounded uniformly for t ≥ 1, and λ i + δ ≥ λ i , it follows that the integral converges as T → ∞. Note that we've also established that
δt dt is convergent and positive for all (x, y), x = y. It follows then that the Green's function obtained by integrating K = K δ e δt is positive.
